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Nonlinear Spacecraft Dynamics with a Flexible Appendage,
Damping, and Moving Internal Submasses
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We study the attitude dynamics of a single-body spacecraft that is perturbed by the motion of small oscillating
submasses, a small flexible appendage constrained to undergo only torsional vibration, and a rotor immersed in a
viscous fluid. We are interested in the chaotic dynamics that can occur for certain sets of the physical parameter
values of the spacecraft when energy dissipation acts to drive the body from minor to major axis spin. Energy
dissipation, which is present in all spacecraft systems and is the mechanism that drives the minor to major axis
transition, is implemented via the rotor. We not only obtain an analytical test for chaos in terms of satellite
parameters using Melnikov’s method, but we also use extensive numerical simulation to check the range of validity

of the Melnikov result.

Introduction

HE determination and control of attitude evolution are impor-

tant problems in modern spacecraft dynamics. For example, a
single-body spacecraft is directionally unstable in the presence of
energy dissipation when perturbed from spinning about its minor
axis.! In the absence of active stabilization, the body will eventually
reorientitself and spin aboutits major axis. In addition, the presence
of oscillating subbodies or other perturbations can produce chaos
and its inherent unpredictability in some or all of the phase space
traversed by the spacecraftduring this or any other attitude maneu-
ver. Because it is often important to be able to predict accurately the
timing or sequence of attitude maneuvers and because the presence
of chaotic dynamics could render useless any attempt at this predic-
tion, it is important to be able to understand when chaos will play a
role in the attitude dynamics of a spacecratft.

The equationsof motion describingthe attitude dynamicsof com-
plex nonrigid spacecraft are readily derived, but their analytical so-
lution is elusive. In fact, if the system is nonlinear and, thus, poten-
tially chaotic, these solutions are fundamentally unobtainable. On
the other hand, solutions to these highly nonlinearequations can be
obtained for specific parameter values using numerical simulation,
but many interesting features of the dynamics can be lost in the nu-
merical data. Fortunately, a great deal of physical insight into the
behavior of these complex systems can be obtained by using a sim-
pler rigid body with perturbations approximation for modeling and
analyzing the spacecraft. This paper deals with the dynamics of the
attitude transition from minor axis to major axis spin of a rigid body
that is being perturbed by small oscillating submasses and a flexi-
ble appendage. In addition, energy dissipationis implemented via a
rotor immersed in a viscous fluid. In particular, we are interested in
the occurrence of chaotic dynamics during spin-axis transition.

Some aspects of related attitude maneuvers have been studied
for dual-spin spacecraft. These spacecraftare reoriented by spin up
or spin down of rotors relative to the main spacecraft body. Atti-
tude resonances in these maneuvers, occurring during spin up or
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spin down, have been investigated using perturbation techniques
and numerical simulation (for example, see Refs. 2-9). In addition,
Or'? has studied chaotic dynamics of a symmetric dual-spin space-
craft subjected to internally oscillating torque and coulomb friction
using Melnikov’s method (see Refs. 11-13). Or computes bifurca-
tion diagrams and compares his analytical results with numerical
simulations.

In the case of single-body satellites, the direction and control of
the final major axis orientation have been studied,'*~!? as have the
dynamics and evolution of the maneuver itself, as found in work by
Tsiotras and Longuski?® and Longuski and Tsiotras,2'?*> in which
they study the attitude evolution of near-symmetric rigid bodies
under a variety of torque conditions. Other work has been done
with perturbationstudies of spacecraftwith elasticand/or dissipative
elements by Chernous’ko®*>* and the analyticaland numericalstudy
by Kaplan and Cenker'” and Kaplan and Beck® of the use of the
apogee motor with paired satellites technique to deploy pairs of
satellites into high circular orbits. Excellentreviews of some of this
work and much more may be found in Refs. 26 and 27.

Some other closely related work examines chaos in spacecraft
attitude dynamics when the perturbations are Hamiltonian (for ex-
ample, see Refs. 28-30). In otherrecent work, Tong and Tabarrok®!
use Melnikov’s method to investigate the attitude motion of self-
excited rigid bodies subject to small perturbation torques in a vis-
cous medium. Cooper and Bishop*? use Melnikov’s method to study
chaotic attitude dynamics of a rigid body driven by sinusoidally
varying torques. Meehan and Asokanthan®3* study chaotic motion
in arotating body subjected to sinusoidally varying external torques
and containinga circumferentialnutationdamper. They use time his-
tories, phase space analyses, Poincaré maps, Lyapunov exponents,
and bifurcation diagrams to study the onset of chaos for a range of
forcing amplitudes and frequencies and to understand the effect of
control strategies on these chaotic systems.

This present work is an extension of earlier work done by Gray
et al.»~ and Miller and Gray®® in which they analytically inves-
tigated chaotic attitude dynamics occurring in simple spacecraft
systems. The present work differs from Refs. 35-39 in that we are
not only able to obtain an analytical criterion for the prediction of
chaotic dynamics, but we are able to compare the results of the
analysis with numerical simulationsto gain an understanding of the
range of validity of the analysis. In addition, we are able to obtain
some insight into which of the parameters of the system most pro-
foundly influence the onset of chaotic dynamics or period-n limit
cycles. In fact, we are able to show that in most parameter regions,
the analytical predictor for chaotic dynamics also does very well at
predicting the onset of limit cycles.
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Model Description

The spacecraft model considered (Fig. 1a) is a system com-
posed of a rigid carrier body b, with an elastic appendage a, a
pair of oscillating subbodies m, and a rotor R immersed in a vis-
cous fluid F. This model is assumed to be free of any external
moments such as gravity-gradienteffects or atmospheric drag. The
center of mass for the entire system, including carrier body b, ap-
pendage a, subbodies m, and rotor R is located at CM. An or-
thogonal coordinate frame, e, e,, and e;, is attached to the car-
rier body and originates from the system’s center of mass CM.
The oscillating subbodies m are displaced from their rest position
along the e; axis by a prescribed periodic function of time 7(t).
When n(t) = 0, the position of the subbodies is the distance £
from CM. Because the subbodies are always positioned symmet-
rically on each side of the system’s center of mass, their motion
does not change the location of the system’s mass center. The mass
moment of inertia matrix of the subbodies with respect to the car-
rierAbody coordinate frame is diag{0, A + 2m&, A + 2m&}, where
A = A(t) =2mn(t)[n(t) + 2€] will represent the time-dependent
terms in the equations of motion. The mass moment of inertia ma-
trix of the carrier body b is given to be diag{l,;, I,,, I3}, and the
inertia matrix of the carrier body and subbodies together becomes
diag{l,;, I, + A +2m&, 15 + A +2mé}.

Appendage a is modeled by a rigid-tip mass m, joined to the
carrier bodyb by an elastic rod of length L and of negligible mass.
The center of mass of appendage a is located at CM,,, a distance
d along the e; axis. A second orthogonal coordinate frame, ¢;, &,
and &, is attached to the appendage at CM,, such that the e; and ¢
axes are collinear. For the appendage, the mass moment of inertia
matrix with respect to the appendage coordinate frame ¢;, &, and
gﬁv is dlag{ Auv Buv Cu }

Rotor R spins about the e, axis and is immersed in a fluid F with
coefficient of viscous damping y. We define the inertia matrix for
the rotoras diag{/,,, I,», I,; } with respectto the ey, e,, and e; frame.

Next, quantities describing the motion of the model will be
introduced. The inertial angular velocity vector w of the car-
rier body b in the body-fixed reference frame is defined to be
w = &) + 0,8, + 583, where &, &, and &; representan orthonor-
mal basis correspondingto the e, e,, and e; coordinate frame. The
motion of the tip mass on the appendage is limited to rotation about
the e, axis (cf. Fig. 1b) and is defined by the angle of twist . No
flexural bending or warping of the connectingrod is permitted. This
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Fig.1b Profile view of spacecraft in a deformed state.

type of motion is possible if, for example, the appendage is con-
strained by a system of guy wires.***! As a result, motion of the
appendage does not shift the center of mass of the system, CM.
The connectingrod has a circular cross section and a torsional stiff-
ness K = JG/L, where J is the polar area moment of inertia, G is
the shear modulus, and L is the length of the rod. The appendage
can rotate at rate ¢ relative to the carrier body. The rotor spins about
the e, axis at a rate of w, relative to the carrier body.

Equations of Motion

Derivation of the Equations of Motion

We will use Lagrangian mechanics to derive all of the equations
of motion. Note that with this approach the angular velocity com-
ponents @;, w,, and w5 are not derivatives of corresponding gen-
eralized position variables. The velocity components ®;, @,, and
5 are considered to be derivatives of quasi coordinates and a spe-
cial formulation Lagrange’s equations for quasi coordinates must
be used.®?

The kinetic energy of the carrier body and the subbodiesis given
by

Ty=3[Ina} + (In + A +2m8) 0} + (I3 + A +2m€)?] (1)

We transform the inertia matrix of appendageso thatits components
are expressed in the body-fixed e, e,, and e; frame instead of the
appendage-fixed ¢;, &, and & frame, and the kinetic energy of the
appendage is now derived to be

T, = %[A,,(col + &) + B,(@, cos a + @3 sin @)’

+ C, (@5 cosa — , sina)’ + m,,dZ(cog + co%)] )

Finally, the kinetic energy of the rotor is derived as

TR =3[0 + La(@, + @) + I 03] 3)

The only component of the spacecraft that contributes to the po-
tential energy is the torsional rod joining the carrier body to the tip
mass of the appendage. This rod has torsional stiffness K, and thus,
its potential energy is given by

= ;Kof 4)

where, again, o is the angle of twist of the rod. The Lagrangian £
is found by summing the kinetic energies given in Egs. (1-3) and
subtractingthe potentialenergy in Eq. (4). This gives the Lagrangian
of the entire spacecraft as

L=1[Ay0} + (By + Ao} + (C, + Mot + o, (20, + o)
— Ko’ + Ay(o + &)’ + B,(w, cosa + wssina)’

+ C, (w5 cosa — @, sina)? + m,d* (co% + co%)] ®)
A A A
where we define A, = I,y +1,;, B, = I, +2m& +1,,, C, =
Iy + 2m& + I.;,and I, = I,,. We make these substitutionsto com-
bine spacecraftparametersthat do not vary with time. The quantities
A,, B, and C, represent the principle mass moments of inertia of
the carrierbody added to the mass moments of inertia of the subbod-
ies and rotor at rest relative to the carrier body. In addition, we will
assumethat A, < B, < C, to simplify the analysis.Theassumption
of unequal principal mass moments of inertia is necessary for the
application of Melnikov’s method.

We now apply Lagrange’s equations for quasi coordinates to
Eq. (5) to obtain three of the five equations of motion. Lagrange’s
equation of motion for these particular quasi coordinates is given
by Meirovitch,* to be

d[ac 0 —ov oo,
_{_}+ o 0 -o {—}:{N} ©)
dt | ow w
—y (] 0

where {0L/ 0w} is the gradientvectorof the Lagrangian with respect
to the angular velocity w and {/} is a vector of torque components,
which are all assumed to be zero.
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Evaluating Eq. (6) will give us three equations of motion in
terms of the angular velocity components and their time derivatives.
Instead, we would like to write the equations in terms of compo-
nents of the body angularmomentum vectorh = h 8, + h,&, + h;é,
because the phase space of the differential equationsin terms of the
angular momentum components is spherical rather than ellipsoidal
as it is in body angular velocity components. Since h = {0L/ 0w}
(see Ref. 43), Eq. (6) becomes

which is the familiar Newton-Euler angular momentum relation-
ship. If we expand Eq. (7) in terms of its components, we get a form
of Euler’s equations of rotational motion

hz =wh; — wh,
(8)

We eliminate the angular velocity components by computing b =
{0L/ 0w} to get angular momentum componentsin terms of angular
velocity components. With some simplification, we have the follow-
ing equations relating the body angular momentum components /;
to the body angular velocity components «;, the appendage angle
of twist a, and the relative rotor speed o, :

oL

h1=0)3h2—602h3, h2=601h3—603h1,

hl =3 . - Aud + (Au + Ab)a)l (9)
aC!)l
oL 1

hy=— = =[(2B, +2A + B, + C, + 2m,d?)
0w, 2

1
+ (B, = Co)cos2a]my + Soy(B, = Co)sin2a + Lo, (10)

oL 1
hy = — = =[(2C, + 2A + B, + C, + 2m,d?)
0ws 2
1
- (B, — C,,)cosZa]cq; + Ecoz(B,, - C,)sin2a 1D

We invert Egs. (9-11) to solve for the angular velocity components
in terms of the angular momentum components to obtain

h, —A,0
mlzl—”a (12)
A, + A,

o, = (1/D{(2C, + 2A + B, + C, +2m,d*)(h, — I,3,)

— (B, — C)l(hy — I,®,) cos 2a + hj sin Za]} (13)
oy = (1/D){ (2B, + 2A + B, + C, + 2m,d*)h;

+ (B, — C)[h3cos2a — (hy, — I, w,) sin Za]} (14)

where the denominator D in Egs. (13) and (14) is defined to be
DA 2(B,+ C, + A+ B, + C, + m,d*) (A + m,d*)

+ 2(Bbcwb + BuCu) + (Bb + Cb)(Bu + Cu)

— (B, — C,)(B, — C,)cos2a (15)
The complete equations of motion for the carrier body are given
when we substitute Egs. (12-14) into Eq. (8),

hy = (1/D){2[B, = C, + (B, = C,) cos2alhzhy
+ (h = h3)(B, — C,)sin2a + Lo, [hy(B, — C,)sin2a
+h3(2C, + 2A + B, + C, + 2m,d* — (B, — C,)cos 20) ]}
(16)

by = Aahy

ha= A, + A, + ﬁ{hl(hZ —Lo)(B, - C,)sin2a

- hlh'i [ZBb +2A + Bu + Cu + zmudz + (Bu - C,,)COSZQ]}
a7

hihy — Agéhy 1

hy = - —
3 A, + A, D

{hhy(B, = C,)sin2a

—hi(hy = I,o,)[2C, + 2A + B, + C, + 2m,d*

- (B, - C,,)cosZa]} (18)

We now turn our attention to deriving the equation of motion
for the flexible appendage. Rotation of the appendage relative to
the carrier body is measured by the angle o (see Fig. 1b), which
is a generalized position coordinate of the system. The equation
of motion for the appendage is given by the standard Lagrange’s
equation relationship

AL A= Qu (19)

where L is the system Lagrangian given by Eq. (5) and @, is the
generalized force corresponding to a and is assumed to be zero.
Evaluating Eq. (19), we have the equation of motion for the ap-
pendage

A (a+ @) — By(ws cosa — o, sina)(w, cosa + w3 sina)

+ C,(w;coso — w, sina)(wycosa + wysina) + Koo =0
(20)
We use Egs. (12-14) to substitute for o;, @,, and w; in Eq. (20),
noting that we must differentiate Eq. (12) to substitute for ®,. From

this we obtain the equation of motion for the appendagein terms of
body angular momenta

_ (Au + Ab)Ka hl + E(Au + Ab)(Bu - Cu)

AA, A, A A,D?

21

where /1 is given by Eq. (16) and E is defined to be
E 2 4[hs(A + B, + B, + m,d®) cosa — (hy — L,@,)(A + B,

+C, + m,,dz) sinoc] [h3 (A +C, + B, + m,,dz) sin o

+ (h2 - Irwr)(A + Cu + Cb + mudz) cos a] (22)

To obtain the equation for the motion of the rotor, we let the
angle ¢ represent the coordinate of the rotor spin, thus obtaining the
following Lagrange’s equation for the rotor:

Ea—¢—£= . (23)

where £ is given by Eq. (5), ¢ = o,, and Q, is a generalized force
correspondingto ¢. We now, define the damping torque provided by
the viscous fluid to be @, = —y w,. Evaluation of Eq. (23) leaves
us with the relationship

d)r = _COZ - ya)r/lr (24)

where we differentiate Eq. (13) to get . This gives us the equation
of motion of the rotor to be

o, = {]D)y @,/ 1, + (B, — C,)[(D/D) sin2a — 2¢& cos 2a]h,
+[2A +2(B, - C,)asin2a — (D/D)(2C, + 2A + B, + C,
+2m,d* = (B, — C,) cos 20) |(hy — I,w,) + D/ I,
—hy(B, — C,)sin2a} /[1,(2C, +2A + B, + C, + 2m,d*
— (B, — C,)cos2a) = D] +hy/1, (25)

where we differentiate Eq. (15) to obtain
D = 2(B, — C,)(B, — C,)ésin2a
+2A(B, + C, +2A + B, + C, + 2m,d?) (26)

Equations(16-18),(21), and (25) governthe dynamics of the overall
system.
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Nondimensionalization of the Equations of Motion

The nextstep is to nondimensionalizeEq. (16-18),(21), and (25).
To apply Melnikov’s method, we will introduce a small perturba-
tion parameter €. To do this, we make the following assumptions
concerning the relative size of spacecraft parameters:

A, = 0(8)9 C, = 0(8)9 o, = O(\/E)
mod® = O(s), C, - B, = O(&), B, = O(¢)
A = O(e), I, =0(Ve), m? = O(e), K = O(¢)

and we assume that all other quantities are O(1). Physically, these
assumptions mean that the appendage and oscillating submasses are
small relative to the carrier body, the appendage is nearly symmet-
ric, the amplitude of oscillation of the submasses is small, the rotor
is small, and the torsional stiffness of the appendage is small. The
orderings are chosen in this way so that submasses, appendage, and
rotor are modeled as small perturbations to the torque-free rigid-
body system. With these assumptionsin mind, the following nondi-
mensional parameters are defined:

A me? A ht ~ A hy A mud?
&= N T=-—, h,‘ -, l -
B, B, h me?
~ A KBb A Cb A Ab A Au
K = s 1= = rn ==, ry = ——
ch? B, B, .
N A S Cu Bu B
jal o ka0 5al o
h me (m,,dz)
~ A Ir ~ A Bb 5 A Bu
I, = = o, Gg= 27)
Bb \/‘E h \/‘E mudz (

where ¢ is the perturbationparameterthat relates the mass of the sub-
bodies to the inertia of the carrierbody, 7 is nondimensionaltime, /;
(fori =1, 2, 3) are the nondimensional angular momentum compo-
nents, 1 is the magnitude of the angular momentum vector, A relates
the appendage tip mass to the mass of the submasses, r; and r, are
nondimensionalshape parametersof the carrierbody, r, is the nondi-
mensional shape parameter of the appendage tip mass, & describes
the symmetry of the appendage tip mass, K is the nondimensional
torsional stiffness of the appendage rod, A is the nondimensional
submass amplitude, G relates appendage shape to its distance from
the center of mass C M, I, is the nondimensionalrotorinertia, @, is
the nondimensional rotor angular velocity, and ¥ is the nondimen-
sional viscous damping coefficient. Differentiation with respect to
7 will be denoted with a priAme, or dx/dt = x’, and the preceding
definitions imply thatd/dz = (B,/ h) d/dt.

Applying definitions (27) to the equations of motion (16-18),
(21), and (25), and to the definitions of D [Eq. (15)], E [Eq. (22)],
and D [Eq. (26)] gives the full nondimensional equations of
motion

= (1/D){2(1 = r, = Peos2a)hshs — (h3 — h3)Psin2a
+el.&[(2r + @ + Pcos 20)h; — ,Psin Za]} (28)

= illilg - sl@ma’fg
f=—

1 - - .
— =[h(h, — eI, ®,)Psin2a
D

S/I_C;m +r,

+ ;2 + Q = Peos2a)] (29
. AGrydhy —hihy 1 - - -
i = S29nche Z b | L g Bin2a

: eAGr, + 1, D

+ 0 (hy — el,&,)(2r, + Q + Pcos2a)] (30)

o = _(g/lgr4~+ rz)IEa _ ﬂ _ Iﬁ’(slém +~r2)IE G1)
AGryr, r eAGr,r,D?

Ved, = {7Dé, /1, + P[2c! cos2a — (D'/D) sin2alhs
+[2eA’ — (/D)2 + Q + Pcos2a) — 2P sin2al
X(hy, — el &,) + Dity [ (Vel,) + Bhysin2a) /
[D - Vel(2r, + Q + Pcos2a) ] + iy / (VEL,) (32)

where i, ', and 1, in Eqs. (31) and (32) are given by Egs. (28-30);
D, I, and E are given by

D =2r + (r, + DQ = (r, — DPcos2a + £(Q* - P?)

D = (r; + 1+ Q)2eA’ + 2(r; — P sin2a

E = [h3(2 - P+ @)cosa — (hy — el &,)(2r — P+ @) sin o]
X[h;(2 + P+ Q)sina + (h, — el,@,)(2r, + P+ Q) cosal

and the terms P and @ are defined to be
£2225, @ £ 2e(A + G+ A~) + 2225

Expansion of the Nondimensional Equations
of Motion in Terms of £
Application of Melnikov’s method requires that our system of
equations be of the form

x' =f(x;0) +eg(x, 7;0) (33)

where f is the unperturbed system that is, in our case, identical to
the torque-free rigid body, g contains the first-order perturbation
terms, x ={hy, hy, h3, o, &, @, }, and O is a vector of system pa-
rameters. To put the equations of motion in the given form, a Taylor
expansion of Egs. (28-32) in powers of the perturbation parameter
¢ is performed, and terms up to the appropriate order are kept. The
expanded equations of motion are

i =10 =) P iahs + e[+ 28 + A)(r2 = 1)iohs /7

+ Ii,hy | + O(e?) (34)
Ry =1 =)l (i) lhihs + e{[(2 + 2G + Ay

= 3Grurilhihs [ (rir3) = 4Gl Iy} + O(s) (35)
Ry = [(rs = DInslhihy + e][2Grs = o+ AG + Ay )iy [ 12

+ AGrshyd 11y = Iéhy | + O(e?) (36)
o' = —[K/(AGr)]la + [(r1 = DI (rir)lhahs + O(e) (37
Ned, = =[(ri = r)l (rnir)lhihs = 7@, 11,

— Jell(ry = )/ (rir) 1L ik + 7, ) + O(e) (38)

In the next section we describe a procedure to reduce Eqs. (34-38)
to three equations, which have a spherical unperturbed phase space,
by the elimination of Egs. (37) and (38). Because of this procedure,
we do not need to retain terms that are O(¢) or higher in Egs. (37)
and (38).

Melnikov Analysis

Unperturbed Phase Space

To apply Melnikov’s method, the unperturbed phase space must
have a structure that includes heteroclinic connections between
pairs of saddle points or orbits homoclinic to a single saddle point.
Melnikov’s method will evaluate changes in the Poincaré map of
this structure when the system is perturbed.

The unperturbed phase space for the system given in Egs. (34—
38) is found by setting € = 0. Doing so eliminates the dependence
of Egs. (34-36) on Egs. (37) and (38) and allows us to solve
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Fig. 2 Momentum sphere illustrating the heteroclinic orbits and the
hyperbolic saddle points; curves are orbits of constant energy.

Egs. (34-36) independently of Egs. (37) and (38). The unperturbed
system of equations corresponding to Egs. (34-36) are given by

Ry =11 - rl)/rl]ilZilfi (39)
Ry = [(ry = r)/ (rir)lh by (40)
il;=[(r2—1)/r2]i~11}~12 41)

and are identical to Euler’s rotational equations of motion for
a torque-free rigid body. The phase space for the unperturbed
system is a sphere shown in Fig. 2, where the nondimensional
body-fixed angular momentum components, %y, h,, and hj, are
the phase variables. The phase space has six equilibrium points at
{(%1,0,0), (0, £1, 0), (0, 0, =1)} where the equilibrium points at
(%1, 0, 0) and (0, 0, £1) are neutrally stable centers corresponding
to minor and major axis spin, respectively,and the equilibriumpoints
at (0, =1, 0) are unstable hyperbolic saddle points correspondingto
intermediate axis spin. Note the presence of heteroclinic orbits join-
ing the pair of saddle points.

Application of Melnikov’s Method

Melnikov’s method is now applied to the system of Egs. (34-38).
Melnikov’s method is a perturbation technique that gives global in-
formation about the system’s dynamics. The method detects inter-
sections of the stable and unstable manifolds of hyperbolic saddles
in planarPoincaré maps. Existence of these intersectionsimplies the
existence of Smale horseshoes and chaos via the Smale-Birkhoff
theorem (see Ref. 11). For a detailed presentation of Melnikov the-
ory, see Guckenheimer and Holmes'! or Wiggins.!>!3

The most common version of Melnikov’s method considers sys-
tems of the form

X =f(x;0)+ eg(x, 7; 0), x= {‘Lj} ER? (42)

where g is periodic in 7, f(x) is a Hamiltonian vector field de-
fined on R?, and eg(x, t) is a small perturbation, which need not be
Hamiltonian. It would appear that Melnikov’s method would not be
applicableto our system given the form of the equationsin Eq. (42).
That is, Melnikov’s method applies to systems whose Poincaré map
is planarand the system consideredhereinis six dimensional.On the
other hand, close inspection of Eqs. (34-38) reveals that Egs. (37)
and (38) couple with Eqgs. (34-36) only through the perturbation
terms in Egs. (34-36). Therefore, we can solve Eqgs. (34-36) for
their unperturbed solutions, that is, the solutions for A, h,, and h;
with € =0, and substitute these solutions into Egs. (37) and (38).
We then solve Eqs. (37) and (38) for their unperturbed solutions,
that is, the solutions for a and @, with ¢ =0, and then substitute
the unperturbed solutions for @ and @, into the perturbations of
Eqs. (34-36). This process results in three nonautonomous equa-
tions in Ay, hy, and h3, with the unperturbed parts represented by
Euler’s equation of rotational motion, and perturbation terms which
are functionofthe /;, the systemparameters,and time 7 (see Refs.44
and 45 for other examples of this procedure). This process of re-
ducing our system to three first-order equations from six still does

not admit the application of the planar form of Melnikov’s method.
However, a result due to Holmes and Marsden® allows us to apply
Melnikov’s method directly to the equations involving #,, h,, and
h;. The Melnikov function, as given in Ref. 29, can be written

M(zp) = / VHgo(D)]- { flgo(T)] + glgo(1), 7 + ol}dr (43)

where VH is the gradient of the Hamiltonian 7 of the unperturbed
system with respect to %;, f is the unperturbed part of the system,
g is the O(¢) perturbation of the system, and ¢go(7) is the solution
for the heteroclinic orbits or trajectories of the unperturbed sys-
tem The nondimensional Hamiltonian for the system is given by

2(h2/r2 + h2 + h2/r1) and is s1mp1y the kinetic energy of the
unperturbed system that is, of the carrier body. The gradient of H
with respect to the body-fixed angular momentum components is,
thus, the vector VH ={h,/r,, h,, h3/r; }. Because it can be readily
shown that VH - f =0, Eq. (43) simplifies to

M(z)= / VHIgo(T)]- g[go(7), T + 1] dt (44)

00

Before the integral in Eq. (44) can be evaluated, we must find the
solutions g, along the heteroclinic orbits of the unperturbed system
given by Egs. (39-49), find the unperturbed solution to Eq. (37) so
that we may substitute for & (a does not appearin the O(¢) terms in
the perturbationg of the /! equations) into the perturbation terms of
Egs. (34-36), and find the unperturbed solution to Eq. (38) so that
we may substitute for @, into the perturbationterms of Egs. (34-36).

The solution along the heteroclinic orbits can be found in terms
of hyperbolic trigonometric functions.! These solutions are given
as follows:

1

- Cr(1 =117

hy =s M sech(C,7) (45)
L Iy —r;
ilQ =9 tanh (C] ‘L') (46)
_ -4

~ -1 2

hsy =83 M sech(C, 1) 47)
L ra=n .

where
r—1D—=r
c, A (ri = 1)( 2)
(rira)

and {sy, 52, 53} = *1 such that the product 5,553 = 1 (these per-
mutations give all four of the heteroclinic orbits shown in Fig. 2).

We can solve Eq. (37), with ¢ = 0, for o by substituting in the
unperturbed solutions for &, and h;. The approximate solution to

this equation is derived by Gray et al.® to be a = Asin(9t + @),
where the square of the amplitude A is given by

2
5 71'(:2 T3 066 Cz Cz
=|ay——= sech| — )| +1 =2+ + =
A [“ﬂ 2c? °*° (2@1” {9 9C, | 20

L (22 4 i (i8N, (Ci=if g
n —_— l -
TR o, )T Tac, Y\ Tac,

the tangent of the phase angle @ is given by

7[(:2 T3 (X6 CQ
D=|ay— h{ — =+
tan [ 202 (2@)}/{9 9C,
LG (78, (Cirig\ . (Ti—if
n l -
20 |"M g ) T\ TG Y\ Tac,

where o is the initial angle of twist of the torsionalappendage, of) is
the initial twist rate, y = y(z) is Euler’s digamma function defined
for complex varlables 9 is the frequency of appendage oscillation
defined by 92 \/[K/(lgm)] and C, is defined by

rn—1[(r{d-=r
(CQé | fri( 2)
rir ry—=r
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When we let ¢ = 0 in Eq. (38), we get an algebraic equation,
which we solve directly for @, as

@ = —(LI P(ry = ra)/(ryr)1hy 7y (48)

where /1, and /5 are given by Egs. (45) and (47), respectively.

We will now prescribe the motion of the displacement function
of the submasses 17(?) to be harmonic. In dimensional terms, we let
the displacement function be n(t) = n, cos(£2t), where 7 is the
maximum amplitude of displacementand €2 is the frequency of os-
cillation. We nondimensionalize this definition of the displacement
function by letting @ = QB,/h = Qt/7 and 7y = /€ so that
the prescribed displacement becomes 7(7) = 7, cos(27) and the
definition of A becomes

A(r) = ﬁg + 47 cos(Q7) + ﬁg cos(2Qr) (49)

In accordance with Melnikov’s method, we now replace t by
T + 13 everywhere that v appears explicitly. There are two explicit
appearances of time in our model: one is in the solution for ' =
A9 cos(9t + @) and the other is in the displacement function of
the submasses 7(7), which enters the perturbationterms through A.
Noting this, and then replacing 7 by 7 + 7y inboth A and o/, we then
substitute the resulting expression for A and ¢ into Egs. (34-36) to
obtain the final form of the Melnikov integral.

Melnikov Function
The Melnikov integral given in Eq. (44) is now expanded, and

the unperturbedsolutions (45-47), along the heteroclinic orbits, are
substituted for %, h,, and h; in the integral. Because the integral is
performed over the interval (—oo, 00 ), all odd functionsin the inte-
grand can be eliminatedleaving the following terms in the Melnikov
integral:
M(1) = A9AGr,C, / sech(C, 7) tanh(C, 7) sin(971)

X sin(91y + ®)dr — 41,C,Cs / sech?(C, 7) tanh(C, 1)

X sin(Q7) sin(Q1y) dt — ﬁé(ClQ/ sech?(C, 7) tanh(C, 7)
272
1

(O
— / sech*(C,7)dr  (50)
7/ —00

X sin(2Q7) sin(2Q1y) dt —

where C; is defined by

C, A (ri = D)(ry—r + 1).
ri(ry —ry)

The integralsin Eq. (50) can be evaluated symbolically with Math-
ematica 4 (Ref. 46). After integrating, we arrive at the Melnikov
function for our system of equations:

./4-921@74@2 79 .
T h E sin(® + 91)
1

1

M(z) =

AC, 12 2nH,PC Q\ | -
- 3;7' - (?3% : |:CSCh<2T31> sin(Qty)

. 0 -
+ 1 csch((c—> sin(z.Qro)i| (51)
1
Because the Melnikov function is a measure of distance between
stable and unstable manifolds in the Poincaré map of our system,
zeros of the Melnikov function indicate intersections of the two
manifolds. The function contains four terms, one of which is con-
stant and the other three vary sinusoidally with 7,. Zeros of this
function will occur whenever the combined amplitude of the three

sinusoidalterms is greater than the constantterm. Deriving the max-
imum combined amplitude of the two terms whose frequencies are
multiples of €2 to be

_ <3A . \/A2+32B2>\/1 A AV 3B

F,
4 4 2 32B? 32B?

where we define A and B to be

A2 csch[zQ/(2C))], B 2 fjycsch(7Q/Cy)
the Melnikov criterion becomes
1 A IGr,C, 79 277 P Cy 4C, I?
—2 eCh o~ + —2 max aa—
Cy 2C, (0K 3y
(52)

This criterion is valid provided that the perturbation parameter ¢ is
sufficiently small.

Comparison of the Melnikov Result
with Numerical Simulations

We have analytically derived a criterion that predicts the exis-
tence of horseshoes in the attitude motion of a satellite perturbed
by continuous elastic elements, oscillating submasses, and an en-
ergy dissipating rotor in a viscous fluid. The derived criterion can
be used to find the hypersurfaceseparatingthe regions of parameter
space predicted to be chaotic from those predicted to be nonchaotic
according to the Melnikov criterion. Inspection of Eq. (52) reveals
that the Melnikov criteria are a function of 10 of the 12 nondimen-
sional system parameters (r|, r,, r4, A, K, Q, 9, G, I, and 7).
The numerical simulations include the other two system parame-
ters, € and 8, although they do not appear in the Melnikov criterion
because ¢ generally does not appear in Melnikov criterion and be-
cause we assumed that § was O(g?). If we satisfy Eq. (52) and the
aforementionedrestrictionon the carrierbody’s shape parameters r;
and r, (where 0 < r, < 1 <r; <1+ r,), then the system, modeled
by Egs. (28-31), exhibits chaotic dynamics near the unperturbed
heteroclinic orbits for sufficiently small .

Investigation of those regions of parameter space predicted to
be chaotic according to the Melnikov criterion given in Eq. (52)
can be performed by fixing 7 of the 10 system parameters and then
studying the surface generated by the others in a three-dimensional
parameter subspace. Unfortunately, this reveals little more than a
general qualitative picture of the Melnikov prediction. In addition,
it does nothing to tell us how good the Melnikov criterion is in
predicting the actual behavior of the system. On the other hand,
numerical simulationin concert with the Melnikov criterion can tell
us not only when the Melnikov criterion is applicable and when it
is not, but also can tell us the types of behavior exhibited by this
system as well as those values of the system parameters for which
each type of behavior occurs.

Classes of Dynamical Behavior and Their Automatic Determination

We begin by showing the three major classes of behavior exhib-
ited by this system. Each of the different classes of behavior can
be realized by simply altering appropriate combinations of the 12
system parameters. What is of interest, of course, are those values of
the system parameters that give each type of behavior. The trajecto-
ries shown in Figs. 3 and 4 show the types of behavior we observed,
and were generated using the double precision 1sode routine from
ODEPACK.* Each trajectory is shown on the surface of the mo-
mentum spherein 1,~/,-h; space, and the two great circles passing
through the £, axis are the unperturbed heteroclinic cycles. In all
simulations discussed herein, the absolute and relative tolerances
were set to 1077, and the initial conditions were h; = cos(5 deg),
h, = sin(5 deg), h; =0,a =0, =0, and @, = 0.5.

Figure 3a shows a trajectory typical of those that decay to major
axis spin (MAS). Note that even though we designate these tra-
jectories as decaying to MAS, because the system is being forced
periodically, these trajectories are, in fact, very small limit cycles,
that is, they have a radius of less than 0.02 on the unit sphere. The
values of the system parameters used to generate Fig 3a, as well as
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those used to generate all other trajectoriesin Figs. 3 and 4, may be
found in Table 1.

Figure 3b shows a trajectory typical of those that eventually end
up in a period-1 limit cycle about major axis spin. The dark, wide
band around the /; axis at the top of the momentum sphere is the
limit cycle.

Figure 3c shows a trajectory typical of those that are chaotic. It
is readily seen that the trajectory does not settle down into a regular
pattern, decaying to neither MAS nor a limit cycle. In fact, chaotic
trajectories eventually fill all of the momentum sphere except for
small regions surrounding minor axis spin thatis, £/, axis.

The trajectories shown in Fig. 4 represent three of a myriad of
other types of trajectories that have been numerically discovered
in this system. They are the minority of the trajectories that have
been encountered, representing less than 5-10% of all trajectories.
On the other hand, note that they probably representbifurcationson
the way to chaotic trajectories. The transient part of the trajectory
is not shown, to better highlight the steady-state structure of the
orbits. Figure 4a is an interesting period-3 limit cycle in which
the trajectory alternately changes direction as it goes around each

Table1 Parameters used in Figs. 3 and 4 to generate trajectories

Quasi
MAS, Period-1, Chaotic, Period-3, periodic, Baseball,
Parameter Fig.3a Fig.3b  Fig.3c Fig.4a  Fig.4b  Fig. 4c

£ 0.20 0.20 0.20 0.20 0.20 0.20
Q 0.15 1.40 0.90 0.35 1.95 0.55
o 0.20 1.15 1.30 1.30 0.55 1.55
a 5.00 5.00 5.00 5.00 5.00 5.00
I, 1.00 1.00 1.00 1.00 1.00 1.00
ri 1.50 1.50 1.50 1.10 1.50 1.50
r 0.60 0.60 0.60 0.90 0.60 0.60
Ty 1.00 1.00 1.00 1.00 1.00 1.00
K 2.50 2.50 2.50 2.50 2.50 2.50
A 0.10 0.10 0.10 0.10 1.10 0.10
g 0.10 0.10 0.10 0.10 1.10 0.10
S 0.00 0.00 0.00 0.00 0.00 0.00

of the three loops in the trajectory. Figure 4b is the tail end of a
quasi-periodic trajectory. Figure 4c is a period-1 limit cycle of a
completely different nature and physically represents a spacecraft
that alternately spins about its positive and negative major axes.

Now that we have seen the types of behavior that can occur in
this system, it is of interest to locate those regions of parameter
space in which each major class of behavior occurs. After doing
S0, it is then easy to compare these numerically generated results
with_the predictions of the Melnikov criterion. Figures 5-9 show
the € vs 7 region of the parameter space for a number of different
values of the other parameters. Because of the high dimension of the
parameter space, it is prohibitive to study all combinations of two-
dimensional parameter spaces in detail, so we have chosen some of
the parameters we feel are of fundamentalimportanceto the system.
In each of Figs. 5-9, the Melnikov result is superimposed on each
subplot and is the dark U-shaped curve that is concave to the right.
In each case, large black dots are chaotic trajectories, open circles
are limit-cycle trajectories, and the small dots are trajectories that
damp to MAS.

To determine the class of behavior for each parameter value, the
system s integrated for a period of time sufficiently long enough so
that all transients will have decayed. We then take advantage of the
unique structure of each of the trajectory types on the momentum
sphere in the following manner:

1) Trajectories that end up in MAS (Fig. 3a) do not have
a large variation in hy, h,, or hs after the initial transient part of
the trajectory is removed [we use 2'® time steps, each of which is
0.2 nondimensional time units, and then use the last 2% of the tra-
jectory]. By the use of this knowledge, if the standard deviation of
hy and h; is less than 0.015, then the trajectory is deemed to be one
which ends in MAS.

2) Trajectories ending in period-# limit cycles about the major
axis (see Fig. 3b) generally have a small variationin &3 and a much
larger variation in &, and h,. Additionally, we have observed that
some trajectoriesend up in limit cycles about the minor axis. There-
fore, if the trajectory has not been deemed to end in MAS and the
standard deviation of &, or A3 is less than 0.175, then the trajectory
is designated as ending in a period-n limit cycle.

) — o

N— "7 Py

a) b)

e o

hy
c)

Fig.4 Examples of trajectories depicting three interesting and unusual classes of observed behavior.
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3) Generally, unlike trajectories which end in either MAS or
period-n limit cycles, chaotic trajectories fill a large part of the
momentum sphere. Consequently, we have found that chaotic tra-
jectories do not satisfy either of the preceding two conditions.

The enumerated procedure for determining behavior type has
a significant time advantage over using measures such as Lya-
punov exponents*®; on the other hand, it is not without its disad-
vantages. For example, the trajectory shown in Fig. 4a is properly
designated by our criteria as a period-n limit cycle. On the other
hand, the trajectory shown in Fig. 4b is designated as chaotic by
our criterion when, in fact, it is a quasi-periodic trajectory; how-
ever, labeling a quasi-periodic trajectory as chaotic is not far from
the truth. In addition, even though the trajectory in Fig. 4c is a
period-1 limit cycle, our criterion labels it as being chaotic. The
code used to generate parameter spaces such as those shown in
Figs. 5-9 is a work in progress, and we are changing and refining
it as we discover classes of behavior that are not properly cap-
tured by our criteria. We now discuss the results of the numerical
simulation.

Numerical and Analytical Study of the Parameter Space

Figure 5 shows the Q2 vs 7 region for differentvalues of r; and r,,
representingdifferent shapes of the carrier body. The eight other pa-
rametersremain fixed for these simulations. It can be seen that the in-
teresting behavior, that is, period-n limit cycles and chaotic dynam-
ics, occurs almostexclusivelyin the Melnikov regionin Figs. Sa-5c¢
and the chaotic behavior lies within the Melnikov region in all six
parameter spaces shown in Fig. 5. The values of r; and r, used in
Fig. 5a correspond to a prolate, that is, long and thin, carrier body,
whereas the values of r; and r, used in Figs. 5c, Se, and 5f corre-
spondto carrierbodies thatare oblate, forexample, a coin. Figure 5b
is also prolate like Fig. Sa, butis less so, and Fig. 5d is nearly a cube
in that all three principal mass moments of inertia are nearly equal.
Melnikov’s method has excellent agreement with the numerical re-
sults, bounding both chaotic and limit-cycle behavior in all cases
except Fig. 5d. Figure 5d is the first parameter space we have ob-
served exhibiting this unusual behavior. In general, the MAS points
on the left side of the vertical line of periodic points occurring at
Mo = 0.75 are truly MAS points. The points labeled MAS on the
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G and Figs. 7d-7f vary K for another set. Figures 7a-7¢ show little
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is seen in Fig. 6d, in which y is small; note

that the Melnikov curve does not appear and, hence, clearly does

0
not enclose the chaotic behavior.

Figure 7 shows the Q vs 1y region
and two different sets of values for A and G. The parameter K is

a measure of the stiffness of the torsional rod, 4 is a measure of

.G
7

our Melnikov result does not apply for small

1

0

]

r = 0.6, A

1.5,

decreases the rate of energy dissipation and it is energy dissipation

that suppresses chaos. On the other hand, the Melnikov curve is
Finally, we note that another consequence of the Melnikov curve

being demonstrated by this behavioris the rigidification of the rotor
relative to the carrier body as the viscosity of the coupling fluid is
only accurate for larger values of y because we have assumed 7

increased. This means increasing

not applying for small

to be O(1). Thus
the size of the a

0.2, ry

fora

relatively small rotor and Figs. 6d and 6e show the same increasing

14

to Figs. 6d-6f and 5c, we see that for a given value of /,, increasing

and this is reflected in

the Melnikov curve. This makes sense physically because a larger

the trajectoryin Fig. 4a
rotor should dissipate more energy than a smaller rotor. Referring

>
>
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space possessing a large amount of

generally correspond to trajectories
6¢ show increasing values of
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Figure 6 shows the Qvs region for differentvalues of y and I,

representing values of the coefficient of viscous damping and rotor

Fig.8 Evolution of

kes us from a parameter
chaos (Fig. 6d) to one possessingno chaos (Fig. 6e) and then finally

The origin of this behaviorin which trajectoriesdecay to minor axis
values of y for a relatively large rotor. We see that a smaller rotor
to one again possessing a lot of chaos (Fig. 5¢). The phenomenon

corresponds to a periodic pointin the lower right corner of Fig. 5d.
spin is currently under investigation.

displays larger regions of chaotic behavior.

that decay to spin about the /1, axis.
sizes, respectively. Figures 6a-

right side of that vertical li
y ta
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7o
Fig.9 Evolution of 70-{2-¢ parameter space with r; = 1.5,r; = 0.6,r4 = 1.0,8 = 0.0, A = 1.0, G= 1.0,k = 2.5,% = 5.0, and 7, = 1.0.

change in either the Melnikov curve or the type of dynamics found
numerically, indicating that the system is insensitive to changes in
the torsional stiffness for these values of A and G. When 4 and G
are increased in Figs. 7d-7f, we see that changing K now has a
noticeable impact on the region of nonlinearbehavior, thatis, chaos
and limit cycles. Because increasing A and G is effectively mak-
ing the appendage larger, it is not surprising that changing its tor-
sional stiffness, that is, K, will now be more noticeable.

_ Figure 8 shows the Q vs 7, region for different values of r, and
8. Recall that ry and 6 are shape parameters for the appendage.
Figures 8a-8c show three values of r4 with & held constant at zero
(6 = 0 implies that C, = B, for the inertia terms of the appendage,
that is, it is axisymmetric about the e,;-¢; axis). Changing r, does
not have a large effect on the overall dynamics, as is evidenced by
both the Melnikov curve and the numerical data. Figures 8b and 8d-
8f show four values of 6 with r4 held constant. Again, increasing &
does not have a large effect on the numerical data and has no effect
on the Melnikov curve because 6 does not appear in the Melnikov
function.

Figure 9 shows parameter space plots for increasing values of
€, the perturbation parameter. In this case, we used A = G = 1.0,
because numerical instabilities occurred for £ > 0.2 and for A and
G equal to 0.1, which were the values used in all other figures.
Figures 9a-9f show ¢ increasing from 0.1 to 0.6. The Melnikov
functionis notdependenton g, althoughthe number of chaotic points
under the Melnikov curve appears to increase as ¢ is increased. This
is expectedbecause higher values of € gives the perturbationterms a
larger effect on the dynamics of the spacecraft. The line of periodic
trajectory points floating in the middle of Figs. 9e and 9f and near
the top Figs. 9¢c-9f have trajectories similar to the quasi-periodic
orbit shown in Fig. 4b.

The simulationsshownin Figs. 5-9 are only a small, thoughrepre-
sentative,sample of the total number of simulationswe performedto
understandthe behavior of the system being studied and the validity
of Melnikov’s method. As with the simulation results shown herein,
our other simulations showed that Melnikov’s method bounds, with
few exceptions, all of the parameter space exhibiting chaotic dy-
namics. In addition, all of our simulations showed that even when &
isincreasedto large values, the Melnikov curve tends to bound those
regions of parameter space exhibiting not only chaotic dynamics,
but also period-n limit cycles.

Conclusions

We have derived an analytical criterion for the occurrence of a
chaotic region of phase space in terms of system parameters for a

1

7o

spacecraft with a nearly symmetric flexible appendage, symmetri-
cally oscillating submasses, and a rotor immersed in a viscous fluid,
a process that involves applying Melnikov’s method to a perturbed
satellite model and performing the calculationsrequired to obtain a
criterion for chaos that can be used in a straightforward manner for
satellite design. In addition, the results of this analytical calculation
are compared with extensive numerical simulations demonstrating
the accuracy and utility of Melnikov’s method in predicting non-
linear behavior. It is found that, with few exceptions, Melnikov’s
method bounds those regions of parameter space leading to chaotic
dynamics. Also, itis foundthat,in most cases, the Melnikov criterion
also bounds those regions of parameter space possessing period-n
limit cycles, which is another class of potentially undesirable dy-
namics. The analytic criterion in this paper, thus, gives a useful
design tool to spacecraftengineers concerned with avoiding poten-
tially problematic chaotic dynamics or period-n limit cyclesin their
systems.
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